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3.1 Derivatives of Polynomials and Exponentials

Learning Objectives: After completing this section, we should be able to

• find the derivative of a constant function using the definition of a derivative.

• derive the derivative of a power function with an integral exponent.

• derive the Constant Multiple Rule, the Sum Rule, and the Di↵erence Rule.

• apply the general Power Rule to find the derivative of a power function with a real-valued exponent.

3.1.1 Polynomials

Evaluating f 0(x) = lim
h!0

f(x+ h)� f(x)

h
is tedious... but instructive! Let’s establish some shortcuts, noting

that all of them come from the definition.

• Constant Rule:

x

• Power Rule:

x

2c7 fix) =cfor anyconstant c

f(x) =hiy. f(xth)
- f(x)

h

=(y =1=h

f(x) =a 5ope =0

=
in o
L -0

=0
Ruic:C =0for anyconstant.

70 f(x)
=

xp

aff-epi -) Assume (i.e-
=

f((x) =1iyf(x+ h)
- f(x)

h

=122,
5x+1- x

=

0 =

1
h

#(cf(v =
x"

- wherp=232...
For anyinput a

f
-

(a) =fin. f(x)
- fva)

=(n +1 - a
x - a x-a

x - a

=fn(a)(xp
ax p -2

+q2yp
- 37... ap

- 2x +ap
- 1]

*a

Noter this is the Simonial Theorem, and there are forms in perplay
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Power rule continued:

• Constant Multiple:

x

=(a(p
-

1tayp
-21... ap

-2.x
+ap

- 1↑
1- 2

=

ap- -a.ap
- 2

+... al. a +ap
- 1

p
- 1

-... fap
- 1
+qp

- 1

=a
& ferns

=p(ap-|
so.we've shown f((a) =p.a

p-t for andinputa

=>f((x =pxp
- 1

Rck: &xP =p.xp -- for any real lumbar p

The above proofonly
works for pan integer

Exf(x) =x* f((x) =7.x
4- 1

fl*

10 =
8X

=5

1g f(x)=x &

fS
Slopc

0

slopc =

Lat get =c.
fex for andconstant

2 and f is and differential
factn.

I
-
(x) =yg(x

+

h
- g(x) jy c.frxth)

- c.f(x)

zc)feth
- for

=c(jiyf(x +hj
-fx

=c.f (x).

Ruk: (c f(x)) =cfix where c is anyconstantand f is differentiable.
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• Sums:

x

Example. Find the derivative of f(x).

1. f(x) = x12

2. f(x) = 2x12

3. f(x) = 212

4. f(x) = �7
8 x3

Lets(x) =fex) +gex)/where fig are

5/opc
of
is ~

f(x)
differentiable.

a
son of
se

↑hc
slopes -gryS(x) =yins(xth)

- 5

inff(x +h) +g(x +4)] - ff(x) g(x]
=1=8

h

=(. ((x
+h) - f(x()

f(g(x)- g(y)) =rnf(xth) - f(x) +ving(xth)
- g(x)

h h

=f
-

(x) # g
-

(x)

Ruk:ax( f(x) +g()) =f(x)
+g-(x)/ where fig are differentiable.

horn p =12)

3 - ( 12-1

f(x) =px
1
= 12.x = 12x(

constant multiple of20

fix =g(2x ) =2(ax() =2((2x ) =
24 x

=4896

scrivative of a constanti

f((x) =0.

f(x) =1x( - 5xy) =- E(xx3)
= -5(3.4

-

1)

= - zx2
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You try!

5. f(x) = 5x3 + 3x+ 1

6. f(x) = 3x�5

You try!

7. f(x) = ⇡x⇡

8. f(x) = ⇡
2

p
x

9. f(x) = m
p
xn

f(x) =(5x3 +3x +7 =8(5x2) +a(3x) +a()
=5(8xx") +3(1xy) +0

=
5(3x3.)) +3.1.4(.) +0 brer.I
=15x2 + 3

=
375 =5

- 5 - 1

f((x) =3.7-5)
- 6

= - 15x

f(x) =(x x*)
=πa x

*

↑-

=F.H .

X

=π2X
4-

=+x2
z

f(x) =z.f.xz
- 1

=x
~ #

=(y)z =
11.z

=

x

f((x) =xt
- 1
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3.1.2 Exponential Functions

Exponential Functions Base e:

6.x

1 bz
1

~ f
X

.... - b. -b,)
& ⑪

Letsfind the stops ofglassatX=0.

g-(0) =jn. gl0th)
- g(0)

h

=n 10th - bo
=hy b4- 1

=

h=0 h

We define 2 to be the value of b such that

4
-

1
ein(=1 ii.1 =1(*)

Whyis this useful?

Consider fix=1
X

↑

f
-

(x) =diyf(xth)
- f(x)

=ve
+t
- ex exponentproperty:

h h
e
x+h

=

eX h

=jeT + = jiyz
+(.)

h

=eX((iei() =2x) =2

Ru:axe
=
=
eX
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Example. Find the derivative of f(x).

1. f(x) = ex

4

2. f(x) = e3x4

3. f(x) = e⇡ + x⇡ + ⇡ex

4. f(x) = eex = ex+1

You try!

5. f(x) = 17ex � x17

Example. Find all derivatives of f(x) = x3 � 3x2 + 2

=f,ex

f(x) =fx(f,et) =f,t(et) =fex

·just
a constantembar

3 3

f
(

(x) =g(eixy) =21 1
"
=

e24x*
1 =4e

&just
a constantnumber

*

f
-

(x)
=gxe++1x +de

A-
=0 +Hx +eX

eet ↑

↑removestart↑ f(x =g(X=eqe +=eet... =e**)af

f(x) =axf(eX- x() =

1817- ax
17

=(eX- 1xx
- 1
=(2x- 13x

(*! 1
all orders for x0

f(x) =3x3
- 1

- 3.2x-
- 1

+2.040

=
3x1 - 6x +0

=3x3 - 6x

=> so f(x) =3x" - 6x
2 - 1

=>f" (x) =3.2.x -
6.(x(1

=6x) - 6

so f"(x) =6x - 6

=>f1(x) =6

=>f(4) (x) =0
=> f(5((x)

=0

Note f((x) =0 for n =456...
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You try!

Example. Find all derivatives of f(x) = 3ex + x
18chrs

f(x) =g(32 x+x]
=3%e ++x
=31X +B(

so f(x)
=
3e

+
+*

=> f (x) =1 (3e
++1]
d

=3axeX +ax

=32x +8

sof"(x =3c
=

= f (x)
=3eX

=>f((x) =3X. for 1
=22...

=v... 25
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3.2 Product and Quotient Rules

Learning Objectives: After completing this section, we should be able to

• derive and apply the Product Rule, and the Quotient Rule.

3.2.1 Product Rule

Question. Is
d
dx (f(x) · g(x)) = f 0(x)g0(x)?

Theorem. The product rule states
d
dx (f(x) · g(x)) =

Noton exam

3

Let's +r frx =x2 and g(x) =x
2

f(x) =2x g(x) =3x

So f(x.grx =(x(3x2) =6 x3

Note fra-grx) =x2.x=x2
3
=
X

5 6x3f5x4

so ffreg) = x
5
=5x4

Not truc
frx.g+frygrefif fig are

Empe frx =x2 and grx =x
3 Offerentiable.

f(x) =2x grx) =3x2

We know the correctanswer is frugalsy
Consider frx.g(x+f(xg(x) =(x2)(3x2) +(2x)(x3)

=

3x4 +2x4
=xxyr works!

Nota formal proofjust example.

proof:xfrugrer]=ho frethgrathy-fregier
n /

clever o

=

fret/grath/+ffrathigrer- frathiguar] -fretgra
↳

=ho
frath/grath) - f(xth)grx)

+hi frethgrad-frer
grad

h ↳

- I free/sixty-gray to its six/free-fre
=/ fretti( st-sy greyto fretty-fre
=(f(x)(grx) +(g)(frx)

so ffrage] =frergrer +frergre. I
↑

#fig are differentiable.
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Example. Find the derivative of h(x) = (3x2 + 14x)(8ex + 1).

You try!

Example. Find the derivative of h(x) = (x3 + 2)(2x�4 � x�1)

You try!

Example. Find the derivative of h(x) = 4x3ex

Firstidentifythe two functions multiplied

f(x) =3x2 +14x grx) =be

f(x) =6x +14 y(x) =Se+0 =be

Note hisfret grar, so

krx) =f(x)grx) +f(x)g(x)

=(3x+1yx)(b) +16x +(4)(8e+1)

No need to simplify

- Y -

f(x) =x3+2 y(x) =2x - x
-1-

-4 -1--
f(x) =3x2 +0 g(x) =21- 4/X X

- 5-2
=
3x2

= - 8x +X

so hrx) =frxgrx +f(x)grx)
=(x+2)f8x5+x

-

2 +r3x)(2x
- 4

- x

- 1

↓

f(x) =4 x3 gr =e
3-

grx =

e
frx =2

Not hrx =frxg =4xe

hrx) =frxgrx) +f(x)grx)
=(4x3)(2+) +(12x2)re+)
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Example. Find the derivative of y = ex(x2 + 1)(3x� 5).

You try!

Example. Evaluate d
dx (xe

2x).

frx) =e g(x) =(x2 +1)(3x- 5)

f(x) =e
X

gra) reads productrule

f(x) =x2+15(x) =3x - 5

f(x) =2x +0 (x) =3
-2x

So grx) =Errgre+fragra

= (x +y(3) +(2x)r3x - s

=>y =f(x)g(x) +f(x)grx)

=etfrxfrra)+raxrax -5 +(/f(x +rxx - 5)]

Note e
=ex+* =ee

so xe-xe
X

f(x) =x2
* I (x)

=2

X

g(x)=e
fix requires productrule

X

wrx =x vrx) =2
X

vix)
=

1 vrx) =e

f(x) =uixvrx +urxvx

=(x) +(r)r2x)

*(x2) =frxgrx) +fxgrx
=rxerrett rere

stop here

=xe +xen +ee
=xe +xe +e=2xe te
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3.2.2 Quotient Rule

Theorem. The quotient rule states
d
dx

⇣
f(x)
g(x)

⌘
=

Example. Find the derivative of h(x) = x4�8x2

x�1 .

You try!

Example. Find the derivative of y = ex�2x
1�xex .

↑

grxr.f(x) f(x)-g(x)

dy(x)) ~

where fits are differentiable and grxr0.

Q :i than Q=row/rD-fight - (High)()-howf
/below

~Low b-High, High D-Low, 2 below.

the rhymes D-Low and below should be nexteachother

f(x) =x4- 8x2 g(x) =x-

f(x) =4 x3 -8.2x g(x) =1

=>4x2- 16x

h(x) =9rx)f(x)
- fragr

/grar

=
(x - 1(4x- 16x) - (xy - 8x2)()

/x-i -

f(x) =e - 2x grx) =1 - xe

f(x) =e-2 grx =0 -+
productrule

X

u(x) =x v(x) =2
X

u-rx) = v-(x) =2

grx =0 - furxvrx +wixvix)
=- fxe++re]

=grxf(x)
- f(x)gr)

/rx/z

=I-xet/ret) - refere
r -xe
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Example. Find the derivative of y = 3x�ex

2 .

Example. Find the derivative of y = 2x+ex

x .

Example. Find the derivative of y = x⇡�
p
x

x3

If the denominator is

x=e - E =2x - e
X

a constants than

X
the quotientrule is

=E.
- e

Never necessary

x =2 +2 =2 +E
x =o +ax(

frx =eX grx) =x

f(x)=eX grx)=

x =0 +grx)f(x) - f(x)g(x) =
0 +k(re) - (X)r)

(9rx))2 x

use quotientrule immediately
frerextetgr=x

!

you will satsame answer after simplification

= 2 - 3

- E =E - E =x* - 3 - X

+ - 3 - 5z
=>=x - X

- -

X=( -34
-3+
- (- Ex

If the denominator depends on to than
new maybe abl

to simplyto avoidquotiefrule butitmaynotalways
work
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3.3 Derivatives of Trigonometric Functions

Learning Objectives: After completing this section, we should be able to

• derive and apply derivatives for trigonometric functions.

We are going to focus on derivatives of trigonometry functions.

x

sin(x)

Let’s graph it’s derivative

x

d
dx sin(x)

Not on Exam

·
slope =8

-

↑ 2

B ↑ ↑ i

siope
E Slope

↑

ope--

- 51=0

-
⑧ ⑧ ·cusra

. ⑨ ⑧ ↑

E # · wit

⑤ -- ⑧

Ru:sre=cos
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x

cos(x)

Let’s graph it’s derivative

x

d
dx cos(x)

↑ slope
=0 -

*=
(WS/x) slope

=0

-re
Sen 3

E

↑ ~ * E ↑
2 T

I

~
- 50%=0

- ③

=- sinrx

# 3 2
.

*
⑳ I ..

-- ⑧

Ruleaus = -sin/x
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Example. Find the derivative of f(x) = tan(x).

Using the quotient rule, we can find the derivatives of csc(x), cot(x), and sec(x). Simplify!

f(x) f 0(x)

sin(x)

cos(x)

tan(x)

csc(x)

sec(x)

cot(x)

frxr =fanix-t

Quotient rule:

Wix)
=sink VIX =cos/

virx = -sin/x)
ver =cosrx

uru- wrx-re

f(x) = Kra

cosr.cosix-sinf-sin
-

Koster,

=cos) +sin
cos2(x

- cos) +sin/x)=

-sectre secr=cotix
= (secre

20S/X

- Sin/x

sec/x

Se - CSC(x)-cof(x

strer = secrxr.fanx

-attr= - cs(x)

↑Note derivatives of trig frates starting with a gat

a negative sign
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You try!

Example. Find the derivative of f(x) for the following problems.

1. f(x) = ex sin(x).

2. f(x) = x tan(x)
1+cos(x) .

3. f(x) = sec(x) tan(x).

4. f(x) = cot(x) cos(x).

left =e
rightsix

laft' =e
right=cos/

-(x) =fleft/right
+Neff (right

=excos +e. sin

high =x-fanrx low =1+cos

reft =x right =fanix low =Of-siner=-sin
left'= right=se(x)

high left/right's +reft' (right)
=X.secrx+fanrx

fire -
low right-right

row Pecosiy/secter fanriy-r-fanrer)
(sincer

How /Ifcost

f(x) =(ecrx).(serx) +ser.fanrer) (tander

fixr= fotreffesinger/ +fascier//usref
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3.4 Chain Rule

Learning Objectives: After completing this section, we should be able to

• apply the chain rule to obtain the derivative of a composite function.

• apply the chain rule to obtain the derivative of a power function and an exponential function.

Example. Let’s try to find the derivative of y = (3x2 + x)2.

Theorem. The chain rule states
d

dx
f(g(x)) =

Example. Again, consider the function y = (3x2 + x)2.

cant usa the power rule rightawayas beefis notjusta

x =(3x +x)(3x +x)
right =3x+ xleft

=
3 x

2
+x

left' =6x + right=6x+

* =leff Trishti
/left) (right

=(3x+x))6x+1 +(6x +1)(3x2 +x)

=2(3x2 +x)16x
+1)

Whatifwe tried the power
rut?

2 - 1

x
=(3x2 +x) =y =2(3x2 +x)

=2(3x2 +x)]
What's missing I in ?1 =6x+)

which is the derivative of x2+X.

Ifrgray]. Igire]
Letg(x) =3x +x fre =x =>fre=(

g(x) =6x + f(x) =2x =>f()
=
2(

Notf(gx) =f(3x +x) =(3x2+x) =1
=3X=f(grx).grx)

=f(xx +x)0/6x +1)
=2(3x2 +x).)6x+1)
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Example. y = (4x2 + x�2)4.

Example. y = cos(x2 � 1).

You try!

Example. y = tan(5x2 + 2x).

- 2

fru) =ut grx)
=4x2 +x

-2-

f(u) =yn
B

g(x) =8x
+(-z)x

=8x - 2x
- 3

f(g)) =f(4x2 +xy =(4x2 +x
-2*

=x

- =f(g(x))grx)

=>fryx.8x - 2x
-3

=42.8x -
2x-

orisinar
missed 2

fru) = -sinru grx =2x

f(gx) =f(x21) =20s/x2-)) +1erosite
grx) =x2-

x=f(gxx)).grx)
= f(x- 1)-(2x)

= - sin(x2(.(2x)

frut=fanru grx) =5x2
+2x

firu) =sec ruf g(x)=10x +2

X
=f(g(x) =f(5x2x)

=fa(5x +2x)

=>i =f(grx).grx)

=
f(5x2 +2x).oxf2
=Sech(5x +2x)./rox +2)
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We can combine rules.

Example. y = cos3(x2 � 1).

You try!

Example. y =
p
sin(3x).

You try!

Example. y =

✓
sin(x)

1 + cos(x)

◆5

.

-(os_/)
f(u) =1 grx) =cosx2-

f(u) =3u2 grer-chain ruk problem from 2 examples

agu
-- six - 1/2x

X=f(grx)).grx
=f(cos(x2-y).(- six-y.x)

= 3/cos-y).- sin).rx

=>i =(sinray/
frur=w grx)

=sin(3x)

for t grx)=---chain run!

Frur= snru
g(x) =3x

I rur=cosru g(x) =3

grx =F(grx). grx
=F(3x)- 3

=

(os/3x) - 3

X =f(g(x)).grx) =f/sinrex)/efcosrox.3]
= /sinroxyEasrox.3]

Sin(x
low

=
(+c0s/x)

f(u) =v
5 grx) =1+cusrx) low=D-sin

hisk= sinix
fur =5u4 gx ... quotient

rutz!
high'=cos/x

·coster)cosier - serro-sinter flourish' - right
grx) =

r +cos/x))2
How

so y =f(grx)).gx)

=fs grx

=5ise" ritcosrer/-caster
- sinter/o-siner

11 +cos(
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Recall we have the derivative of y = e2x is y0 = 2e2x. Let’s think of it with the chain rule.

You try!

Example. y = e(4x
2�5x+1).

You try!

Example. y = 2e(3 cos2(x4)).

frurze grx) =2x

fru)
=

e grx) =2

2k

=f(gru).gr
=
f(2x). 2 =2.2

constantchain shortant:If 1=e
**

than =e*.c, for anyconstants

whatabout1=
5*?=m=hrs) =x.rs

=Inrg.Ins=y =

e(15.x =st
-

In15).X C

=>i =e5) =5x.(15)

General Exponential Darinatina:If=bthan =brb) bro

frur=e grx =4x2 - 5x +

frui =e g(x) =3x - 5

X =

f(grx). grx)

=f(yx25x +1)
- (8x - 5

↑ +x
2

- 5x +1/(8x - 5)=e

General Exponential chain rule:If yes than =e9 grx).

=general exponential chain rule)=2e3cos"3cos]
&3co/4) requires

chain rut.

gra) =
cosxY

f(u) =3.u

grx-... chain
rui! 4

fru) =6.u
outside -cosruf s3cosx4) outside - sinrul

= 3 /cos girr=outsideinside ofinside

= - sin(xy).4x3
&cuY=fgregx

= Grcos").-sinxY-4x3]
=>i =2esx4Arcosky). - sinrx4.43]
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Forgot the quotient rule? No problem!

When do we need the quotient rule?

1. y =
x4 + ex

5
.

2. y =
5

x4 + ex
.

3. y =
x4 + ex

x� 1
.

Productrule(freegreif -fregret f fragra
outside

*= frx. (r)] where

left =f(x) right -- rare
gr

refr =f(x) right=f()(gray2.grx

&Ifrafgre] --raff) (right
-reff right

=frerfireygrer+fire grap

--fresiege -i I
frxgx

Gra Gre

-figi-fregrx
Gra
X

=

+I =5x 4
+e

x =54x +fe

constantin denominator, we do notneed quotientrule

=5/x+ex chain rid

outsid=5n-
insid =
x
+2 /constantin numerator

inside
=
4xte*

canbc written as

outside=5/-)n-2 a chain red

=outsida/insidal finsid problem
= 5/4e-24x +x

Ifboth numerator and denominator are

↑ functions of X and there are no immediate

cancellations use quotientrule
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3.6 Derivatives of Logarithms and Inverse Trigonometric Func-
tions

Learning Objectives: After completing this section, we should be able to

• define the general logarithmic functions

• derive the derivative of logarithmic functions.

• derive the derivatives of all inverse trigonometric functions.

3.6.1 Logarithmic Functions

Key properties of logarithms:

1. log(bx) =

2. log(x · y) =

3. log

✓
x

y

◆
=

4. log(x+ y) =

What is y = loge(x) = ln(x)?

x

Other Bases:

x.og(o

log(xf logi

logrx) - log(

log(x+y
No possible simplification

Recall. It is theinverse
facte of exe

Naturally logarithm
Consider In re =x. In re

- =x

=XTest
=X.

erra = X

d

"mirror -
/inc

logy) is the inverse of e.g.
· logroro =x

· 2092(x) =x
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x

y

Inx) =loger

logrox

In general, logply goesF und ri
-
1

through the points of-
105x

Alsorloger has a vertical asymptote
a
+

x
=0 if br 1.
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Logarithms and exponentials have an inverse relationship.

Question. How do we take the derivative of a logarithm?

(nx)
(n(a 1 =x o e

=
X

lg =

x or -(0x =x

Let -fore. This implices x=et as effected
-

=e
=
x

to find the darivative ofstory, itis equivalentto find d

So, we will implicitlydifferentiate tiedto find

I &x=e
=1 =e

=x
= =

=> = = as x =e

=> lerx=
· Nota, if xo, than try is undefined butit- x) is definedre.g.

if x = - 4 then 1 =11-4) is undefined (but(=()- 1- 4) =114) is defined

I
Consider x=()

- x) =1 e
=

- x

&e =Ax - x

=e--

=x =i == =

=>(x) =. ifx=o

-
· Other bass:y =10gf(x) =b =x

=>x =xx Recall be

=>logr x=xer
=>

site stron
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Let’s practice!

1. y = 2x

2. y = ⇡x

3. y = 3x
2+2x+1

4. y = 8 · 3x

5. y = 4�x

6. y = 4 ln(3x)

7. y = ln(12x5) + 12x5

8. y = ln(tan(x))

9. y = log5(3x)

10. y = logb(tan(x))

11. y = log2(e
x)

Recalb* =b.h

x =2.((z)

x =

+X.(

so i=f(grx).grx
fru)=z g(x) =x2+2x+

=f(x2 +2x+4/2x +2

fru) =3n g(x) =2x+2
=3x+2xer(2x+z)3

x=8-3" =8.3-(n3)

chain rutz
or x =4

- x
=4

- y=f)*

-try inof =.
W

4
- X

fru =4.ru/ grx =3x - x=f(yrx).grx)

f(u =4. g(x) =3
=f(3x).3

= 4.x 3

i =f(y(x).g(x
+x12x5

fruf=hru/ grx =12x5 =
=f(12x5)-125+4

+12-5.x4

frur= grx=12 - 5x4
=5/2.5.x4 + 12.5.

x4

x=f(g(x)).g(x)
↑frur=Inruf grx) =fanrx =

=f(fan)-secr
firur= grx) =seckra =fatix sec ra

frut-loggru g(x) =3x = X=f(yrx).g(x)

firu=n y
=3 =f(3x). 3

= Trs. 3

frutloggru gryfank
=
* =f(g(x)).grx)

↑
-> f/fanrx). Seck(xfur-Tb

gx=secr

=fanting secre

frur=log, ru grx)
=ex

grx=e =
=

-grx-g(x
frur =true =f(z). e

X

- eera, e
X

-...
=rfel



MTH 150 Section 3.6: Derivatives of Logs and Inverse Trig Functions Page 26 of 35

3.6.2 Inverse Trigonometric Functions

Consider y = sin�1(x) =

Let’s sketch a graph of sin(x)

x

sin(x)

x x

arcsinel is the inverse ofsineriesarcsin/sinx =x
or sintarsiny) =x

Note -sint Stre
Tourf

x
=x

↑

↑

↑

↑
sin/x

↑ X=

↑ ↑ I ↑ ↑

- - ↑ *
#

↑

↑

↑

to find inverse frates
we "replace-and y Graphical this is

equivalentto mirrowingthe facts graph over the line 1=x

Ifwe mirrored all of siney then
we world fail the vertical

- o * wher
fire test. Sowe restrictthe domain of sinter to A

#
-

considering inverse sin ( I I

X=x · arcini
~mirror *

-

-↑
a

/inc

I↑ ↑

--

domain ofsin=-E]=range of arsenal

restricted

range of sin-1-1] =
domain ofarcsine
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Example. Compute arcsin

 p
3

2

!
.

Example. Compute arcsin

✓
sin

✓
3⇡

4

◆◆
=

Example. Compute arccos
⇣p

3
2

⌘
=

Intentionallyomitted

Intentionallyomitted

Intentionallyomitted
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Example. Compute arctan

✓
� 1p

3

◆
=

How do we find derivatives of inverse trig?

Example. Let y = arctan(x) =

Intentionallyomitted

tanrx

this implics x =fan/y

dy
The darivarice of arctan is &x

I -x=fan/

=sec/

Z => =sati
W

wanta formula thatdoes

notdepend on y

Note x=+an(y) =(opp
radj

+and =Ia i↑ X

Recall secret- soster rans
hyp

= -

↑

-

=>sec(y)= alfb =c
2 +x2 =ch

=> arctanta
secrer=ix

=c =
Fx=xx
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Example. Let y = 10 arctan(4x2). Find y0.

You try!

Example. Find a formula for
d

dx
arcsin(x).

outside -10 arctanrul insid =4x

outsidro for inside=8 x

*=outside/inside) inside

=outside'/yx.8x

=lofty 8x

=arcsin(x) = x =sint

a=sin I sine =
x=

=cosry
=

=c

Notz Sin==

so cosy ↑

e - -

X

a =x2

a
+b=ce a2+ x=12=

=>a =1 - x2

=>a =

N
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You try!

Example. Find a formula for
d

dx
arccos(x).

=arccos(x) =
x =
cos(e)

* =cos

=>I = - since

=> =-s

radj
Recal x=cost== cosry = mp

↑
2

- -

X

So sinry =opp ==hyp
=>a - ---

=>x arccosix =-
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3.6.3 Summary

•
d

dx
ef(x) =

•
d

dx
bf(x) =

•
d

dx
ln(f(x)) =

•
d

dx
logb(f(x)) =

•
d

dx
arccos(x) =

•
d

dx
arcsin(x) =

•
d

dx
arctan(x) =

2frxf(x) Power rate does

ferer fires notappre
fix)

wasthe*and use
the chain rural

mrfry fix

-
=
x

r
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3.9 Related Rates

Learning Objectives: After completing this section, we should be able to

• solve related rates problems in various real-life situations.

Related rates are all about how multiple rates of change are connected. For example, if I drive north at 15
mph and you drive south at 15 mph, the distance between us is increasing at a rate of 30 mph.
Tips:

• Interpret the derivatives

• You may need to come up

• Don’t mix up

Example. Two boats leave a port at 12:00pm. One travels West at 20mph and the other South at 15mph.
How fast are they moving away from each other at 1:30pm?

as rates of change. Be careful about the sign, ie.

positive or negative

with an equation
·often Pythagorand

Draw a picture with rabals

rates and mities
en constant and notmeasuring a

darivatives typicall
Wate of change

boatXat
a rate of 20mph Port

& . X

about =

L

~
ata rate

of

derivatives 15 mph * -

Note, Z is the

distance between the

2 boats

Wantto find the rate of change ofE. as this

measures how fastthe two boats are moving away

from each other.

Note12:00 pu
to 1:30 per is 1.5 hours

· X is the distance travelled in 15 hours bythe west-bound boat

· is the distance travelled in 15 hours bythe south-bound boat

· Zis the distance between the two boats after 1.5hours

· I =20mph =the rate of change ofthe vistance trier

the spend of west-bound boat

·=15mph =the rate of change of the distance Trie
the speed of south-bound boat

· It is the rate of change ofthe distance between the 2 boats FIND THIS
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Example Continued:

X =(rafe)(fima)=(20mph (1.5 hours) =30 miles

=Tratz)(find =(15mph)/1.5 hours)=22.5 mils

x =30 mins

x
+
x=z2 (Pythagorean Mand

X =22.5miles

30+1225 =
z2 z=375

=>z=0.52 =3.5 miles

mes

x =30 miles * =

20 mph

dy

X=22.5miles at=
15 mph

dZ

z=37.5 miles at
=? mph

Need to find rates of change with respectto
time

x+a =
z

Note, tri-bzall depend time implicity

=>2x +2() =2z/

=>2(30((20 +2(22.5)(15) =2325)()
=>

5=
=> = =25mph

Soafter 1.5hours, the distance between the 2

boats is changing ata rate of 25 mph
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Example. A ladder 13 feet long leans against a building. The base is pulled away from the wall at a rate
of 1

10
ft
sec . How fast is the top moving down when the top is 12 feet above ground?

A fr
-3 I

*A =
-

O
-

x=
12ff

&
Taddererr ↓

rate? at &= ?

-e
roff

Al↑

- -
↓ X = 5ff

*= ec

Note ofas the length of the ladder is constant
↑off

x2 +02 =
z
2

2

=> (x2 +128 = 13

=>x=x12 =
5ff

Quantities Rates

x=5ff

X=12ff &
z=13ff

=

* + =z
2x+2=2z

215/(6) +2(12 =2(13)ro

- +24 =

0

=24 =
- => =-2Sec

->
build in the

The top of the ladder ismaydown the

building ata rate of to c
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You try!

Example. Suppose you are blowing up a spherical balloon at a rate of 3 cm3

s . How fast is the radius of the
balloon changing when r = 5 cm?

Example. John Nader is quickly walking north on Broadhollow Road at 5 feet per second while watching
Rambo the Ram trotting west on Melville Road at 10 feet per second. At the moment, Rambo is at the
intersection of Melville and Broadhollow and John Nader is 55 feet away from the same intersection.

After three seconds, at what rate is the distance between Marvin and Blaster increasing? Remember to use
accurate units!

- volume ofsphara. V =+ re

Rates in problem:
cm

&V
= r3

find this =>
=*ar =+

32
-

=>3=

+.3.cm).

=>

DNader Abo

↓f After 3 seconds

0

Malville P x =30ff & -10 fit/N dt 5& ⑧

Broadhollow I 55ff
Z

↳

*=40ff

④+5 * =

-5

After 3 secondshow far is Dr. Nader from the intersection?

55ft - 5)(35) =40 fat

After 3 secondshow far is Rambo from the intersection?

of++(ro(r3s) =30ff

After 3 seconds, how far apart are Dr. Nader and Rambo?

x2 +12 =z2

=>Bof +(40f =z2
=>z=x502ff=50ff

Recap:Distances Rates,
If

x =30ff
*5 =rate ofchansa

-5 in the distance

* =40ft &
=h between Rambo and

z
=50ff Dr. Nadar



&x2 +* 2 =
z

=>2x+2 =2z

=>230ff)(510) +2/40f)/-5) =2./50f

=>(.30.10 +2.40-r-5/=foff

=>kisorpfzya.-Y =
↑00 ff

=>I = 2.30.10
+2.401-5

ff I100 5
= 2

After 3 seconds the distance between Dr. Nadar and

Rambo is increasing at ff
a rate of 2 -

S


