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3.1 Derivatives of Polynomials and Exponentials

Learning Objectives: After completing this section, we should be able to
e find the derivative of a constant function using the definition of a derivative.
e derive the derivative of a power function with an integral exponent.
e derive the Constant Multiple Rule, the Sum Rule, and the Difference Rule.

e apply the general Power Rule to find the derivative of a power function with a real-valued exponent.

3.1.1 Polynomials
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You try!
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3.1.2 Exponential Functions
Exponential Functions Base e: /\
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Example. Find the derivative of f(x).
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You try!

Example. Find all derivatives of f(z) =3e* +z
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3.2 Product and Quotient Rules

Learning Objectives: After completing this section, we should be able to

e derive and apply the Product Rule, and the Quotient Rule.

3.2.1 Product Rule
Question. Is % (f(x) g(x) = f(x)d (x)?
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Example. Find the derivative of h(x) = (322 + 142)(8¢® + 1).
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Example. Find the derivative of y = (2% + 1)(3x — 5).
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3.2.2 Quotient Rule , ,
ﬁ(")'P x) — —Plx)'ﬁ (X)
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Example. Find the derivative of y = %
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3.3 Derivatives of Trigonometric Functions

Learning Objectives: After completing this section, we should be able to
e derive and apply derivatives for trigonometric functions.

We are going to focus on derivatives of trigonometry functions.
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Example. Find the derivative of f(x) = tan(x).
S ()
L= Fearn= 55

QU@*ZL(\?/ ful’-'-

O ()= S'a X VI Cosix)

/ -
U (1= Cos %) Viky = - sinlx)

Vx) o'y - o (x)-v (X

‘P (x)= 6/("))7'

Cos(x) cos(x) — sin(R) (“S;\Afﬂ)

(LaS(x))’L

Ccos () + Sin" ()

Cos? (x)
- ! Cost (%) st ()= |
B Cos1 (X)
2 1
- Sec (%) Gec (= oolx

Using the quotient rule, we can find the derivatives of csc(z), cot(z), and sec(x). Simplify!
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You try!
Example. Find the derivative of f(x) for the following problems.
1. f(z) = e®sin(x).
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3.4 Chain Rule

Learning Objectives: After completing this section, we should be able to

e apply the chain rule to obtain the derivative of a composite function

e apply the chain rule to obtain the derivative of a power function and an exponential function
Example. Let’s try to find the derivative of y = (32 + z)

Cent wse The pore e rvle b away, s Worx B et S
y = (354 x ) (3 1x) X
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Example. Again, consider the function y = (322 + x)?
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Example. y = (422 + 2 %)%,
Leoy=o’

- 3
prore du
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-2
o) = Hx ¥x ]
o’ (x) = X +(-2) X

S 8x-2x "
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Plgm )z £+ )= (vt 1x™) =y

/
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-

Example. y = cos(z® — 1).

1
(u)= Coslc) (A= x ™)
‘P(X):le_) S(X): CosX) ‘Pr v) 3, L
{3'(&): X 97 (%)== sia (x) @ (C)Z =S5 a(e) g =
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/
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¥ ) g P60 ) o)
= 77 cos(xz)) e (—¢r ,
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= —sin(x) )(2x)

Example. y = tan(5z” + 2z).

D()=tan (v)
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s L(g ) - jﬂ(g%u()f +M(5XL‘LZX)
=5 k//_; ‘P/(S(’()>'j/(’<)
- Ap/(gx’)’ft)(>- (IOS(JrL>

gec” (SXQ'PU() ’ (IOX‘\"?—)

p—



MTH 150 Section 3.4: Chain Rule Page 19 of 35

We can combine rules.

Example. y = cos®(z? — 1). (QoS(}l ‘D)

_F/(U): GU’L 91(_1): (Cb\ﬂ;a ru’c P('OLJCM —,(\/\,,M g CX«,«/A/¢J

tgo)
- - ;,',.(x'L-()(’LX)
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7z
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You try! )
Example. y = /sin(3z). :> )/: (an (’sx))l'
Logx Lei |
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Example. y = <1+cos(x)> .
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)
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Recall we have the derivative of y = €** is y/ = 2¢?*. Let’s think of it with the chain rule.

g(u):ei g = Lx
p’(u7:e 97tx)= L
’ _ X
/‘/: ‘pr(‘j()())'j’(x)-=4)(lx)'2-— € A
ot abevt  y=5 7 23 hG)alrs*) = k.a(5) .
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=) nivi=, => y=e
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You try!

Example. y = (47’ —57+1),
D= e’ 3“\)=q>fl— sx+|
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Example. y = 2¢(3¢0s"@"),

Zc st (Xq> ]

o ’L q

- o )
)//-_: (5gnc r‘a’ eX Pa/\al\-}?.‘) QLA,‘,\ f‘u)L) = 2 e { jj{ 4 ceos (% ]
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1 q) ov c : )AS)AC ~ ox
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3
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7z ' . ) —
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5 5L e [ sin(x )4 |
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=  y=ze L (s (x) [~ sincx) ]
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Forgot the quotient rule? No problem!
Prodeer ol g_x(_[‘_(x).j(@>:$(x).or(x7 + P x5 0x) |
e
i& >‘ . B L v -
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3.6 Derivatives of Logarithms and Inverse Trigonometric Func-
tions

Learning Objectives: After completing this section, we should be able to
e define the general logarithmic functions
e derive the derivative of logarithmic functions.

e derive the derivatives of all inverse trigonometric functions.

3.6.1 Logarithmic Functions

Key properties of logarithms:

1. log(b®) = x- log [b)

2. log(z-y) = 103 x) + }Uj(y)
3.10g(;€)= }0_90()" ’09 ()

4. log(z +y) = 'oj ()‘1‘}/) ‘
No Poj}'n “ble 5,'mp|,' Lo otion
‘ﬁr\ ctn o e X/' f_e.l/

What is y = log, () QLL«” [atx) % ¥he , [fverse
Corsidee |, (gx) - X la (e)
eV .7 = X
/ p , - .
/ (g/ I) =X

e, T Ae

/ e -
T 4 X
/ {|/O)
/
” 7
',,,\,‘r("f e
(The y

Other Bases:
}O 5|° (X) r

W

X
e (AVCCse of b Je s,

las, (107) =
los, (X) _
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‘05\ (W= |
D las, (%)
< Tn 3[—(\((‘6\ ’/ "79’3 (¥) Hoces
H, roesh e Fo;\r\‘?') (1, o)
Gnd (1;/ ’)
\ Alse, Nog Q) has a verticed Geymprote

ar Y=o -F L >
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Logarithms and exponentials have an inverse relationship.

|
'I\(a)():x ArX)

o A = X

losy €X)
]O.‘)bﬂox):x o !))L = X

Question. How do we take the derivative of a logarithm?

] /
Ler g=larx) | This 'MP"-LJ Xx=e , @&
To /(-\[/\J He der vative of /:},\ (X1, % T Cg valent
50/ we  will ff“'fh citly E)7’l[\‘FCFcr\'f‘:rﬂ'c
dy_d,”
J X =5
VAN V4
=2 = e 5
| Y
T L. e ¥
‘J 0/ e’ /c>—)(

’ No-lc, f ox<o0, +hen y=lntx) T onde ‘p/‘ncd/ Lot J=
Fox=-d, e y=ln -9 B vndelind , bes
C onsidec y= |n (-x) :> €y: - X
—§;< S
=) @\/Q‘BZ,( = -l
=D %Zx = :::’] z —;55_ = —’,Z
e Othr  buses:  y=log (1 = 7 X

(a [~ X)
72 An (= (D= 1ar4) 7 defincd

X:e_\/ +o 1[\"4&\ %

Y J‘c’p:nc&}le_,a/

(Recdt, S UL heD)

]

X-M(L)
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X
Let’s practice! RLU” X - JD ‘ }/‘ [E)
1. y=2"
X
)’/: 7 - l’] (Z)
2. y=nw" «
y I: 7 (A fn")
3 4 — 3" +2r+1 " ‘F '(3 (X))' 3’”)
()= xpx+ | So [/~
pW) ) gYm/z¢+L = f (xszH7 v
‘S}(u]: g .fr\f') - - :5)( -J-LX‘I" | a)e (’Zx ""O
4. y=8-3° «
)//: 8'%3X:8'3 lar3)
[ )
5. y:4_$ CL\qM Nole o (_ _ = (‘l \_*
-X
y'= 4 Jacd) (1) / FL)
6. y=4In(3x)
_Dru)_—_-_ ui.,’,\ru) 9’”: 23X ;) 7 ;_— ‘I:\p (3/)(;) '53 ()()
?Yu):.%“5 5/(0=3 - q(?j—- ;
= | =X
7.y =In(122°) 4 12 Tl A () E d 12 s
frv) ’y(u)n( j;;/|1¥f o 7" peml sl + % "N
u:/\‘ 9 =N k) [26x " -5
70,'_“;: -~ BfX) [2- YX _ _’f?' /25. '4 ‘\_ /2 - 5 - X
X
8. y = In(tan(z)) /. ‘P j/,()) 3 (x)
-pfu): I (U) Q/(Y)= +“"’(L") ) =/ 4 -p (-?-M(X) 5< ¢t (x)
_pr(u): ’1-/ o (x)= Sec (X = 1 (x)
9. y = log;(3x) / _ )
.¢w):lo,s(u) 9X) = 3X = ;/ = F (jrw) _5 (%)
M= Lo 9=3 7[\ ( 3x)
_u.],\('57 .
- 3x- )nff)
10. y = log,(tan(x)) o)
fia= J°9|>f“) 9/x= Fun (x) _) i\ (_S/x))-_j (x

P'ruj :U_llsz) 9’”():5&4'()0

Wb

-

[ +anrn): Sec” (X)

—_—

I . osec (%)
11. y = logy(e®) IPWIYRNER
1= o v) (x):a , /
‘p( 5, ( S, )/ Iy (_500)"5 (%)
Paz - o=’ = )
0-Ine) = X)) e’
l X (

X lnt 2)
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3.6.2 Inverse Trigonometric Functions

Consider y = sin"(z) = 0L Sin (x) s the v of  siata)yie, DL(‘CS;/\(S;A (X)) =X
, ofC Sia (ﬁﬁ:S?‘n('ﬂ) =x

o
Net = sin (X]# Sin (%)

Let’s sketch a graph of sin(x) (owr r_ﬂ‘, fﬂ>

. -X
sin(x -
@
/
(
/
/
d - ] } x

- -1 1’1_‘ g

7 7 1

/
/
/

ld

To fL\TnJ IMLese ‘Cf\c}qi e f"[_LP letec X Gd Y, Gr“ﬂl‘;c'“”7/ this 15

eadules o mircorny +he ’r/\c'*")/ Sraph  owvir +he lac s=X
TF e mimore 4l of Sialx), +lia e world L) xhe verdea |
fine A5t Sop we  CFY Hl domin of sia ) e nr T T vhe
Con sfl)*cf:") Invelse 5/”‘ (“)
/: . e 7 4
f//v\)‘(fof :U’L
|iac
/ -
x } { z
/ ]
® ~+ -
1
J‘OM N of 8/n (x) = F‘l—I/ 1’1] = ( anyc O‘S\’ 4re SN (x)
(rc;f-ﬁc%a)

(o\f\.ﬁ" G'F S;f‘()d: E" l, U - a‘\D/V\ ol 0"'\ Grc s [7\?
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3
Example. Compute arcsin <\2[>

Example. Compute arcsin <sin (T)) =

w

Example. Compute arccos (7> =
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1
Example. Compute arctan (—) =

V3

How do we find derivatives of inverse trig?

Example. Let y = arctan(x) = ‘(w\nJ (X\]

Hi  implics X=tun(yl
. - Y
The Acrim e C,_C crcton () 15 B
N SX = g Teaty

| = s (y) - o

1 _> d |
7 7;2 = Scoq'(i/)

~

Nor _ X= tan(y) = (Ol’ﬂ

(aas
_ X (opp! Z
*oan() = L (ad3) vt .
- ¢
Reeall, 5 ()= Cosly) ~ ({\am}
_(L\;’[’w \NET% ) [
ki) ! |
=) Secly) = (1rx- 1_
=y Sect (y1= |+ x* “nf“"fc
=) Sec (y1= |+ x Srx=c
=> cz P E )t
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Example. Let y = 10 arctan(4x2). Find ¢/’
n T
ouFside = [0 arctan (u) "ncrde = Y X

4 \ r
o +5'—‘}° ~ (o = Ingide” = %
v Fo S

/

/ = OU+>—/~&C//I'/\SI_()C) ’ rﬂ§7dc;/
= 5(,4—9:‘6:,(/\458‘) « 3 X

l . . 9x
[+ (4

= lo

You try!

Example. Find a formula for 4 arcsin(x).

y= orcsin (X)) => X = Sin(y)

Ay - e
J;X‘ JYS'A(/>

| = cos() %{:

=> 4x |

So Co¢ (7/) =

\

LS L
al+b=c

T
atrxt=1"=l
= otz l-x

=> a= Vl-x
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You try!

d
Example. Find a formula for e arccos(x).
x

Q( Cox”

/: Grccos (x) —'—'—‘) X = cos (7)
. d
a&)(— TXCOS (7)
ol
> |z —sin() Ty
> 4 _
dx sin(y)
(6d3) X (ad3)
= = = Coc(y)= —7T—
X Cos ()’) (LVP) ) sty ) (l\/Pj
(
/-2
y =
X
So s?nf‘ﬂiéﬁ&): =x>" [~ x*
(hyp) l
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3.6.3 Summary

o Lt _ £rx)
dx ’
e ' r (X) POVC( [\O-IL J‘OLJ_
_p ] NoT GP})/V
d i X ’
CTTS b ek P ()

d | ’
o “h(f(a)= —— . Fex)

l

(a5 G lam= x, and e Hoochinoele)
X

o L togy (1)) =

| . Do

In(L)- Fox)
o ——arccos(z) = ]
- x>
° % arcsin(z) = {
V-
d )
* arctan(z) =  ~———
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3.9 Related Rates

Learning Objectives: After completing this section, we should be able to
e solve related rates problems in various real-life situations.

Related rates are all about how multiple rates of change are connected. For example, if I drive north at 15
mph and you drive south at 15 mph, the distance between us is increasing at a rate of 30 mph.
Tips:

e Interpret the derivatives

as retcs O‘F’ CL\ar\Jc, @b Care _?u’ abouvt +he Sisn) e
POS/'\'I".\’L or /lejad‘;\/c
e You may need to come up (, *H, a, . cl,"ﬁ”(ﬂ

(C‘?C'k'\ P)/')’l" “joftaq)
Draw o p ic *fore wr th lob. Ls

e Don’t mix up

ve "“;( ;
(e 5 And - ferentHLT, ‘
m Yopicelly Constan!  and Aot feas o)
v otk of cl ansc
Example. Two boats leave a port at 12:00pm. One travels West at 20mph and the other South at 15mph.
How fast are they moving away from each other at 1:30pm?

bost x ot

o ck of fLompl] o Port ¥

a

<

(a¥es o bot =

C_\Aanj-/sb at & C(ofe 0"0

derivaties [ g 101 B! 4

N (’f)‘L/ :t T5 -}’Lr_
('N;'l\'a,\cg IOL,+WL;A *he

T bOn\*’;

l/\/ An ‘]' +’0 «Q//\A '?/i/\c {_od?/ yp C,’/\ 8nsyc O’F %/ 78 +L.J

Meosere s how ast He  Fuwo boats  an /M eviag aw oy

‘pf‘ﬂr"\ ULL Q?’l\(_ .

N ot~ 12500 pu, + li30 p~ o .S hours

s X TS -)’LL O 75t ance Fravelled in l s )’\0"/'5 L), Pl\(, west — Lovr\o\ ‘coa‘)*
-y 7> Fhe e traveled ia o leS Lo Ly +he Sovth- Pound koct
s 2 s + ke di3Ten e Bc+wa<n ‘]-Ll& two JDQM—; a,ﬂ\.(r. /, S 2’\0'-”'5
6 Q\d‘—)‘;’ i ZO /V\PL\ :> '}’L\L otz Q‘F Cl\&f\jL o,F 4—1\'_ J7S+an Ce Xj.;-e’/

Fhe SP,_“.}\ 0’9 west — Louad Lo art

.%@: [S m?l\ =>  Fhe coh oF chans A +he  Pdisrcace Yoie
‘)'I'\L gfcl'} C)'F ;ov*l\‘ bbv/\)\ )>OF\+

dZ 5 de ke of clave oF Flo oBrace  bervien the 2 boas FINDTHTS
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Example Continued:

Y= (car) (Fime) 2 (2o mph) (.S hoes) = 30 miles
y = (rore) (Hime) = (IS'M?U([,S- Lhows) = 225 piles

X; 30 /\-\;I‘-}
X1+ )/’L; %’L (Pt/-}')'\qjcfr_m TL/\,,B
1
’301_]—(7_2,5) = 21 ao3s
/"\7)«5
=> 2= \}’501-]-21,51 = 3725 uiles
dx
X=30 miles T = 10 MP]’\
. dy _
}/:. 11.% /w’c; << 2SS /\q{DL
) AL 7
2= 37 S miles SE = . MPL
NLL& Yo Lf’\)\ Catzs O/P QI"“/\JL L,.//"}’L (‘8513 @Y
L A z o 21
r i SR T
ND‘h’ /’ X/ '// 3{% 0\” &c— cn cx ’f‘/—/\/\[ ;\q/_) [;C:',"/)’

]>
A
= X (%) + 2y (%)= 22(%F)

o> 2(30 ) (20 ) F2aNas ) =z (%)

A
=) 1875 =75 axt
7S <
= dz _ 875 = 1S m A
T P
Se 2 | S I’\Wf—‘, the A ¥ ance Let vween +L 7

bows T Chasing a4 ek of 25 a0l

= 225 ~ile s

b Time
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Example. A ladder 13 feet long leans against a building. The base is pulled away from the wall at a rate
f LI How fast is the top moving down when the top is 12 feet above ground?

lE 'ﬁ }/,—_— (2 -L\'f-
( (o dr =7
\O]L’B}&:“’ \[/ o ’
<~
g
o s
|\;0-‘1/ [/RS +L‘G ’(,/_\_ﬁﬁ’l\ Of‘: }'[’\c }0\()‘}‘?‘ 5 Cons '}"\/\(7 (=2 “'\+
7 4.1 :%Z
=) y +y 3"
= X It =
= X= NIESS vy —)\\1‘
@ vankitits R
X= s Ei—&: —lg ‘cjg{c
= ndr dy - o M
2=(3 £ —;\r_ © Tgee
de -
7
;fflx *%7 %%
X ot
1xE + 1y = 223
7 (5) T’J) + 'L(;l)%\% = 7 ()3>
+ 7 Y % - O
d - l Ly
DAL T
Lol da the O
e st S

T-l'\c +a }7 o’? Q/LL Jajo’(r /’; ol/I‘/| D) a‘ou N +L1C-
Leilding oy ¢ rat of L £+

LY sec
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You try!

Example. Suppose you are blowing up a spherical balloon at a rate of 3 C“,’B. How fast is the radius of the
balloon changing when r = 5 cm? \
)

}"f’\o o‘p 5/31\5-(\¢, I\/: "3

’Qoﬂ'ﬁf In )9/‘0]9 le m;
CM3

dye didg .2
9= 35 oA = R ,
N d 3. Y4 3r- 2
O‘Hl;t = 7 Fird +his, = %: %T)‘ﬂf = TT gt
? 2 z de
> o T e I
a3 (%) 5 em

Example. John Nader is quickly walking north on Broadhollow Road at 5 feet per second while watching
Rambo the Ram trotting west on Melville Road at 10 feet per second. At the moment, Rambo is at the
intersection of Melville and Broadhollow and John Nader is 55 feet away from the same intersection.

After three seconds, at what rate is the distance between Marvin and Blaster increasing? Remember to use

accurate units!
A—LH g 3 JScconts

Mel.ille X = 30{L3 %ﬁ = o

< !

&ro-”,l\ﬂ ||b\/

sSH+
)= Yo L+

z M§_\S';p'_7‘

'AFC}'E( % Ssee 6/\}‘5/ Lo ‘pa(‘ s _D(-‘ N oader ’L\(‘on,. +l‘t 7/\"”/5(&7“/\?
S5 F+ — @%}(3 s)= Yo fur
: Fon)
Afhr 3 5C¢O’\91} Z\a.., ‘p‘nr > pQMI?D ‘pf‘om ‘H\c At Sechien,
ofr 4+ ([o%)(—g s)= 30 £+
A‘s\:f‘(f ’s Sce onds, L\ou —P'a\f q)>qr+ trle DY) N“'Xcr‘ oA ;QAMLQ?
(A

XC+ 5= 2
L 2 z
=> Bof) + (qof4) = 2
o> 2= JEErae Py =50 bt

PC Cﬁ\f?.' D G'}’a,‘ Ces Ra‘}‘a!
L.'. ox - 75 ‘F{-‘— A% e me C,I\A.\Jc
Y=130 [ e vy po Fa bhe oBYancc
<z 40 ‘(\_}— ‘ff)(—/— ;/‘)_P_i_ k(%\‘,& on RRP\ IDD RAJ
2= 5p +T tT g

Nr Nader
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